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ABSTRACT g

" A longitudinal study .investigated children s ability
to infer, from initial and final relative numerosity information,
which of four transformations of a stimulus array had occurred:
addition, subtraction, expansion, or contraction., It was expected
that performance would reflect a sequence of three levels in '
understanding the effects of addition and subtraction: primitive,
qualitative, and quantitative. A group of 68 children from 4.5 to 8
years of age participated. All werd twice given the same battery of
tasks, with a.l-year interval betweden assessments, The inference task
consisted of parallel sets of primitive, qualitative, and
quantitative trials for small number items (from 2 through 4) and
large number items (from 7 through-8). On primitive inference trials
two equal linear arrays of squares were presented. On qualitative
inference trials the arrays differed by 1, and on quantitative
inference trials the arrays differed by 2. Arrays were presented,
described, transformed, and erased; the child was required to decide
which transformation had been performed. In addition/subtraction
trials, children were given relative numerosity information, saw a
transformation, and made a judgment about the fipal relative
numerosity. At the beginning and end of the battery of tasks, .
children were given number conservation tasks and scored as passing
if they gave adequate explanations for correct judgments on large
number trials. All tasks were presented on a color monitor attached
to an Apple II computer. The systematic relationships found in this
study suggest that it may be useful to focus on identifying general
developmental changes occuring across related areas. (RH)
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The research g;esented here_conce:ns children's reas0ning'apout addition
. and subtraction. lt is focused on reasoning that 'develops uithout formal
Y S . s . . . .
/,fcition and on reasoning done without the aid o{ the counting estimator. Our
previous work with preschdolers and first and second graders has supSBrted the
existence of a three—level sequence in understanding the effects of addition
and subtraction (Blevins, Mace, Cooper, Starkey, & Leitner, -1981; Cooper,
;- Campbell, & Blevins, 1982 Cooper, Starkey, Blevins, Goth, & Leitner 1978).
: The levels are called primitive, qualitative, and quantitative an are dia-
grammed in Table 1. Ag the primitive level childre believe that adding makes

N . ’ . -
; . more and subtracting makes less. At the qualitative level, they distinguish

. between more than befpre and more.than another group of objects; however, £hey
/ do not quantify the difference between the two groups: It there are two
. ynequal groups of objects ¢with a difference of < 3) they predict that adding

to the smaller one (or subtracting from the greater) will make the groups equal.

At the quantitative level, children can quantify the difference between the

twd”arrays. ‘ *

’

Recently we completed a two year longitudinal -study of early mathema-

tical skills in which we investigated children's ability to infer, from

-

initial and final relatiVe numerosity information, whicg of four transfor-

?
P

mations had occurred: addition, subtraction, expansion, or contraction. The

ability to make such inferences involves applying what is known about both
addition and subtraction and number conservation. In order to make the

inference, children have to be able to underStand the difference betweer °

number changing and number maintaining transformations and they have to know ,

1 . \
exactly what effect each transf%rmation has. Since this inference ability ,

should be influenced By an increasing ability to quantify, we expected

.3
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performance to reflect the three level:sequence already outlined.
, Sixty~eight children, from 4 to 8 yeérs of age, participated in the /

stydy. All were given the same battéry ofctasks'twice, with a one‘year

L4 v

interval between assessments. The tasks included several in addition to

the igference, number conservation and addition/subtraction tasks, but

/. '
only data concerning the inference task in relation to addition/subtraction L 4

*

and conservition will be ré&orted. All the tasks were presented off a color

L] 7 -
monitor which was attached to an Apple II computer. .0

* )

Inference task. The_iqference task consisted of. parallel sets of primi-

tive, qualitative, and quantitative trials for $mall number (2-4) and ia;ge number
(7-9). Since children can Subitize sgall nqmbérs, they can represent the infor-

mation about those trials in terms of absolute number. . On each trial, two
- L] ’
linear arrays of squares were presensgd. On primitive trials, the 2 arrays
. L3

were equal, on qualitative trials the arrays difﬁered'by one, and on quanti-
5 ) ’ 3( ' .

tdtive trials the arrays differed by 2. The(gxrays were lined up in spatial

. . ! P

one-to—-one correspondence, and were separated by a horizontal white line. The

-

. . . . %
experimenter used one-to—ane correspondence cues to demonstrate the relative
. - A ‘

4

. Ki A
numerosity of the arrays. If one of the a%sz; had monﬁysquares, the experi-
. “* \ . *-

.

., , “# ~ .
menter stated how much more it had. Then both arrays w%te screened with large °
oL ., b .
colored rectangles. The experimenter stated that one of the arrays would be changed

and indicated which one. The transformation could e one of four: expand,’,
contract, add 1, or subtract 1. Finally, the arrays were unscreened and the,
experiménter described their final relative numerosity, including how much more

when relevent.” The experimenter reminded the child whicH array had‘beén trans=- _

' formed, and restated the initial relative numerosity: The child had to decide

which .transformation had been performed. All children were asked not to count.

. A N
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7 number. Most children wére classified as belonging to one of our levels (see

t S

- 3

N Because the inference task is complex and its memory demaqu are

extensive, care was taken that all of thé children knew the four transfor— .

- b4 - ?
mations. Before Starting the small-number assessment, children were showr
¢ ' o -

four practice trials in ﬁPiCh the transformations were not screened. Thef
experimenter named the transformations and made sure the child could recite
"all 4 beforer going on to the small-number assessment. //

- R { . A
As the infgience task was piloted in the first year of the stydy,
. v ] N '\ - ' S w
only data from the second year will he reported. Chjldren were cYassified
K4 ' * - “ 4 .
as primitive, qualitative, or quantitative for small number according to

the higﬁest level-for which they answered 3 out of 4 trials correctly. TIf’

- *

their résponse did not meet this criterion, no level was assigned. Similarly,

each ¢hild was classified as primitive, qualitative, or'quantitatibe for large ,

.

Table 2). As expected, children did better on émall number probiemé than
large number proble

T the majority of children were classified at the

i
quantitative level for small number. Reaching'the guantitqtiVe level for

.small number appears to be a-prerequisité for'being-qﬁantitative.fbr large

number since most of the childreén who were quantitative for large number were .

.
[ . N .

quanfitative for small number (binomial: test, p < .005), but, childrén who
.
were quantitative for small number were represented at all the levels for

- \ ~ A Y
large number.
) \

Most nursery schoel children-were at the primitive level or no level

for ‘large number. Kiﬁdergarten and first. grade children were distributed

‘across all 1e§eis. Only iﬁ'second grade were children predofminantly quanti-'

~

tative for large number. Those who were scored as "no level" did not make N
. . .

random errors. They failed to distinguish number trangformations from 1eﬁéth
. A N » . . ¢ A

- . ’

@
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/
-transformations, confusing addition with expad%ion and subtraction with (

contraction (x 16.44, df = 1, R.< )ﬁl). An analysis of the errors of
all the children revealedsthat the majority of exrors involved the same

type of confusion (x2 = 20.62, df = 1; p < .01).-: g//

Addition/Subtraction and Inference. The addition/subtraction assessment‘
consisted of primitive, qualitative, and quantitative trials which are outlined

in Table 1. Children were given, initialixelative numerosity information which

[

meant that they were told whether both arrays had the same number, or how gany

more the 1arger array had. Then they saw a transformation, and were asked to
e ) C, .
make a judgment about the final relative numerosity. Only large number

5 .

addition/Subtraction will be considered as the children performed aImost

'

perfectly on small numbef addition/subtraction. If children,were classified

‘as being,large quantitative on addition/subtraction they were likely to be

~

classified as passing small quantitative inferences. When inference¥penfor—
mance for large number was compared té additiop/subtraction perforfance for

large number children were neprly always at the same 1evel or lower for inference

than for addition/sqbtraction (x = 28.27, df = 1, 2_< .0;27 There appeared

3

to be a 1ag of a year or more between attaining the quantitative level on
1

Eye addition/subtraction task and reaching the same/level on the 17rge number

inference task. Children can predict final relative numerosity, knowing the

rd

.addition/subtraction transformation and the initial relative numerosity, well
¥ /’ } N .

before they can use initial and final relative numerosity to infer the exact

transformetion. ) . ‘ . K .
’ . \ ‘ -
In both the inference task and the addition/subtraction task, small-
- ' ¢

number trials were easier than large~nug2:: trials. This. could be due to the

fact that children can form a representati n based on absolute numerosity ink.

»
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the small number ‘trials. One difference between the inferente task and the

’ ‘ %
addition/subtraction task is that in ué; addition/subt;action task explicit (
knowledge of the numerosity is sufficient to solve fhe task, but an algebraic&

understand1ng is involved in solving the inference'task This same distinction

may account for the more general finding that small number tasks are easier

than large number tasks. Certainly an explicit knowledge 6% numerosity can be .

usgd to solve large pumber addit¥on/subtraction tasks, but children(were asked

» .

J
not to count. In this case, an algebraic representation is needed to solve

the task. ) ( ,. '

The same levels of understanding ad@ﬁtion/sugtraction characterize perfor-
¢

mance on the inferende task and,the addition/subtraction task. " One commonaljty

between the tasks is that they both involved reasoning about ﬁuantity, so the
development” of quantification skills may underlie the similar developmental
patterns. Research by Goth (1981) indicates that the~same 3 levelsyaf under-

.

standing are found in children's reasoning about quantities of length and
amount. This suggests that the.development'of quantification skills as
identified by our model may have general relevance to.children's.reasoning

about quantity.

Conservation and Inference. Children were given two number conservation
assessments, one at the beginning of the battery of tasks and one at the end.

. . . v, . '
In the number conservation taskq children were asked ﬁer Judgments and explang%

1

tions and they were scored as passing if they gave adequate explanations for
cortect judgments on large number trials Passing qualitative or quantitative

inference for large number was associated with passing conservation (x = 13!53,
) - . :

df = 1, p < .01), although seﬂ@r%onserveqs did poorly on large number inference.

e

Nonconservers scored at the primitive level or'no level for large number,

L 4




% »

indicating their failure to distinguish clearly beEween number and length
transformations. * Children need to conserve (i.e., understand that aédition/)//

subFraction éhanges number and that length transformations+«do not) if they
are to do well on the inference task. But conservétion is n%;fsufficienz

4

to solve the task. A quantitative understanding of addition/subtraction is

also needed. . ) L . ) 'r

Correlations Between Tasks. Thelfinal,anélysis involved computing
. N o,

correlafions between all the t4§ks: These corre;jfions are listed in

Tablg' 4. All the’ tasks are positively correlated.

Conclusion. The inference task we have developed assesses children's
; B . . B
abil}ty to infer a transformation from initial and final information about
’ { ' R
relative numerosity. This ability marks/an important applicatdon of the child's

knowledge of addition/subtraction. THe application of this knowledge {nvolves

a mo;g explicit understanding ;f additipn/subt}action principleg.Paged on th; .
ability to represent’inf;rmation abou; number alggbraically. Cpr;espoﬁdingly,
'we haQe fouﬁd that performance on the'inferencg task ;s lawfully relatio; éo

addition/subtractién a;d‘conservation performaﬁce. VThese systematié\;élatiqn—

A *
’

ships suggest that it may be uséful to focus on iden%ifying general develop~-

mental changes occurring across related areas. Our three-stage sequence is a .

step in this direction. f,dj .

o ' /i
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P o . , Table 2+ - ¢ ° o : '
L - ' Distribution of Performance Levels by Grade ;

. \' » . , .
on’ the Inference Task . .
d ’ Level for Small Number . Level for Large Number

t

Gradg\ * . None Prim Qual Quan . None Prim Qual" Qdan

N 1 3 1 4 -3 4 1 ~
K 1 I P 6 1 3 5
1 0 - e 9 15 6 6 5 ' 9
| 2 0 0 2 15 0 1 4 12
\ 2t 6 16 4 1% 12 13 27
: O . .. . '
~ . %
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' Table 3 . .
-~ . -
Distribution of Performance Levels on Inference Task by ‘
. / N : , )
o ' Performance on the Addition/Subtraction Task
! * " ', * -‘ .. o -
' . 4 . N .
Y V) .
Addition/Subtraction . ) : S ’
g Level . Level for Small.Number Level for Large Number
-~ v . ' ¢ .
< . None ~Prim Qual Quan None Prim Qual Quan .
N ‘ ” . LA s
. . , * . ,\y ; 3 .
/ i Large Prim . 0. 1" 1 0 . 2 0 0 0
Large Qual . 2 1 © 6 8 .. 6 5 3 3.
. ‘“ -~ . ‘
.Large Quan 0 4 10 36 8 7 10 24
’ . : ? Ky . - . -
R W t »
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Table 4

Correlations Between Inference Task, Addition/Subtraction Task, and’Conservation Task

) )
* Conservation

Small-Number Large-Number Large Conservation
- Inference ' * Inference Addition/Subtraction Assessment 1 Assessment 2
- *k * *k k%
smlilf]éri‘r!zizer ‘ m——- 42 .34 58 51
_ (70) < (69) (71) “(61)
ot \ ! F ¥k k% k%
e — - 5 &
. . (68) (70) y (61)
- 2
Large o L L 30** 47**
Additibn/Subtraction . (70) R (60)
i
: ok
,gonservatio; — —— —— —— .59
ssessment (62)
W~
Conservation — — —— —_— ————
. Assessment 2
* L 4
p < .01 ‘
< .00 ’
¢ {-
* :
‘ 15




